We evaluate the l -wave Jost function for the polarization potential and calculate its effective range expansion for l ϭ0 up to the order k 4 . We investigate not only the phase but also the modulus of the Jost function, generalizing previous works for the expansion up to the order k 2 of the s-wave phase shift. We discuss the validity domain of this generalized expansion for the interaction of an electron with a Helium atom in any of its three long-lived He states, i.e., 1 1 S, 2 1 S, and 2 3 S. Even though this expansion is shown to be appropriate for most of the applications in electron-atom collisions, we propose here a more precise and simpler approach that provides much better results in a broader energy range when comparing with elaborated ab initio calculations.
I. INTRODUCTION
The l -wave Jost functions f l (k) are central quantities in the quantum theory of potential scattering. In fact, they contain all the features of the elastic dispersion of a particle by a spherically symmetric potential V(r). Specifically, their phases are the opposite of the phase shifts and their moduli are related to the spectral function of the corresponding Hamiltonian. For short-range potentials, the Jost functions can be expanded in power series of the impulse k. In particular, the coefficients of the leading terms in the associated expansion of the phase shifts are related to the so-called scattering lengths a l and effective ranges r l of the potential. These effective range expansions represented a very useful tool for the description of low-energy scattering processes. Here we are referring to a potential as short range whenever it falls off faster than any power of 1/r. For long-range potentials, however, the Jost functions are not analytical at k ϭ0 and the expansions in powers of k are not valid. For potentials with inverse power-law tails, i.e., V(r)ϰ1/r n for r→ϱ, with 1рnр3, low-energy expressions of the Jost functions are known ͓1-4͔. On the other hand, the very important nϭ4 case was analyzed in a pioneering and influential work by O'Malley et al. ͓5͔. For the polarization potential, they found the leading term in the effective range expansion of the phase shift for l Ͼ0 and established the threshold behavior of the s-wave phase shift up to the order k 2 . The presence of other subsequent terms in k or k ln(k) was not analyzed, except for the term in k 3 that was claimed to be independent of r 0 . Since this expansion is valid only for very small ␣k 2 , in 1982 Fabrikant ͓6͔ proposed a modified effective range theory that can be applied, to some extend, in a broader energy range.
In contrast with these and other studies of the phase shift, no systematic analysis of the effective range expansion of the full Jost functions for the polarization potential can be found in the literature. This does not seem to be a very severe limitation, since it is very well known that the cross section for an elastic collision is only related to the phase shifts. However, the full Jost function is a quantity of the utmost importance for the study of multichannel resonances. For instance, it was shown that the s-wave component of the Jost function plays a central role in the theory of final-state interactions in breakup collisions ͓7͔. In this same context, Watanabe and Greene ͓8͔ proposed a multichannel effective range theory based on their quantum-defect theory, and applied it to negative-ion photodetachment. More recently, Ward and Macek ͓9͔ used this theory and that of Fabrikant ͓6͔ to study the threshold formation of positronium in positron-hydrogen collisions.
Whenever the momentum k of a given pair of fragments in the final state is very small, the corresponding transition matrix element is dominated by the inverse of the s-wave Jost function for this two-body elastic scattering ͓10,11͔. An interesting application of this result occurs in the single ionization of atomic targets by the impact of metastable Helium projectiles ͓12͔. For both metastable states, the velocity spectra of the emitted electrons exhibit a cusp-shaped peak when the relative electron-projectile momentum k approaches zero, even though for the 2 1 S state it is much sharper and larger than for the 2 3 S state. This so-called electron capture to the continuum ͑ECC͒ effect, which was very well known in the case of ion-atom collisions ͓13͔, was first discovered for the case of neutral outgoing projectiles by Sarkadi et al. ͓14͔ in 1989 . This cusp structure can be understood within the framework of the final-state interaction theory as stemming from the small-k behavior of the s-wave Jost function for the electron-projectile system ͓15-17͔. The difficulty arises when this structure is intended to be parameterized by means of an effective range expansion of the s-wave Jost function. For the particular case of a neutral Helium outgoing projectile, the interaction is of a polarization type, and the small-k dependence of the s-wave Jost function should be given by an effective range expansion similar to the one evaluated by O'Malley et al. ͓5͔ for the phase shift. However, such an expansion of the full Jost function is not avail-able in the existing literature. In this paper we intend to honor this debt, by calculating the effective range expansion of the Jost function for a polarization potential. This result is of importance in view that it would permit, for instance, by fitting the measured ECC cusp at the impact of neutral atoms, to get information about the scattering length and polarizability for the elastic scattering of electrons on metastable neutral atoms at very low energies ͑even below 1 meV in the experiment by Báder et al. ͓12͔͒ . Similarly, it could be used to get this same kind of information from coincidence measurements of collisional electron detachment from negative-ion projectiles.
By employing a simple Lorentzian shape for the distortion factor, 1/͉ f 0 (k)͉ 2 , Báder et al. ͓12͔ obtained some preliminary values for the s-wave scattering length for the collision of electrons with 2 1 S and 2 3 S metastable Helium atoms. These values are in reasonable agreement with theoretical estimates ͓18͔. However, we demonstrate here that a simple Lorentzian does not always provide a valid fitting, and that a more precise effective range expansion is necessary in most cases. In particular, we show that the effective range expansion of the Jost function for the polarization potential is strongly dependent on the polarizability ␣. In principle, the ground state of rare-gas atoms has low values of polarizability due to their close-shell structure, and the small k dependence of f o (k) should be correctly given by an effective range expansion up to the k 2 term, similar to the one evaluated by O'Malley et al. ͓5͔ for the phase shift. On the contrary, when excited, the loosely bound electron increases the polarizability substantially, and more terms in the expansion are necessary. This is certainly the case, for instance, for the metastable 2 3 S state of Helium, with a polarizability that is two orders of magnitude larger than for the ground state ͓19͔. We show that for an e Ϫ ϩHe(2 3 S) system, an effective range expansion of the Jost function up to the order k 2 breaks down below the neighborhood of kϭ1/a o , posing a very severe limitation to any fitting procedure of ECC structures. The same applies for alkali atoms whose polarizabilities are large due to their loosely bound outer valence electrons. In these cases it is necessary to go beyond the usual quadratic term in order to get an effective range expansion that would be valid for an appreciable range in k.
To this end, we evaluate the l -wave Jost function for the polarization potential and calculate its effective range expansion for l ϭ0 up to the order k 4 , Furthermore, we discuss the validity of this expansion for the interaction of an electron e Ϫ with a Helium atom in any of its three long-lived He states, i.e., 1 1 S, 2 1 S, and 2 3 S. This effective range expansion up to the order k 4 is shown to be appropriate for most of the applications in electron-atom collisions, providing a way to obtain such characteristic parameters as the polarizability ␣, the scattering length a o , and the effective range r o . However, we demonstrate that there is a more precise and simpler procedure to analyze the experimental results and get these same quantities with much greater confidence.
II. EFFECTIVE RANGE EXPANSION
The l -wave Jost functions are defined by the r→0 limit of the normalized radial wave function,
Here we are following Newton's notation ͓20͔, so that the Jost function tends to unity, f l (k)→1, if the potential vanishes or in the limit k→ϱ. For short-range potentials, the Jost functions can be expanded in a power series of k ͓11͔:
and where all the coefficients in the expansion a l ,r l , l , l are real. The latter equation leads to the usual effective range expansion for the phase shift,
Note that the scattering length a l for l 0 has been redefined so as to keep it as a ''length'' itself. The small k expansion of the squared modulus of the Jost function is given by
Note that the width of this Lorentzian shape is not only related to the scattering length a l , but is modulated by the coefficient l . Thus, except in very particular situations where it can be asserted that 0 Ϸ1, it is not possible to extract the s-wave scattering length by fitting an ECC cusp for neutral ejectiles by this simple expression, and more terms in the precise effective range expansion would be necessary. These results are valid for short-range potentials. On the other hand, for the polarization potential with a tail V(r) ϷϪ␣e 2 /2r 4 , O'Malley et al. ͓5͔ found that the leading term in the effective range expansion of the phase shift for l Ͼ0
Furthermore, they showed that the expansion of the s-wave phase shift up to order k 2 is given by
where ␤ 2 ϭ␣me 2 /ប 2 , and (3/2)ϭ⌫Ј(3/2)/⌫(3/2) Ӎ0.036 49. As previously mentioned, they neither studied the effective range expansion of the full Jost function, nor analyzed the presence of other subsequent terms in k or k ln(k) in the phase shift. In the following section we generalize these results, by providing an expansion of the full s-wave Jost function up to order k 4 .
III. CALCULATION OF THE l -WAVE JOST FUNCTION FOR THE POLARIZATION POTENTIAL
In most situations, the intricate polarization effects for atoms and molecules can be described fairly adequately by a simple potential with a given long-range behavior, Ϫ␣e 2 /2r 4 , and a short-range cutoff function. Usually, highorder multipole terms are neglected and the cutoff function is expected to represent all these other contributions. Many different cutoff functions have been employed in the literature ͑see, for instance, ͓21͔͒. For practical purposes, we shall consider here a general model polarization potential
with the provision that the exact solution for the arbitrary potential q(r) is known in the region rрR. With this in mind, we seek the solution l ,k (r) of the corresponding l partial-wave Schrödinger equation
We solve this equation not for the normalized wave function, but for the regular solution u l ,k (r) with conditions u l ,k (r) Ϸ(kr) l ϩ1 /(2l ϩ1)!! at the origin, so that the l -wave Jost function can be extracted directly from its asymptotic behavior ͓11͔
Following O'Malley et al. ͓5͔, we write the general solution of this equation in the region rϾR as
where v l s (r) and v l c (r) are two independent solutions related to those of the Mathieu equation. For krӷͱ␤k they behave as ͓22͔
We found that the auxiliary quantities ␥ and are given by
Once A l (k) and B l (k) have been established by matching solution ͑4͒ with that of the potential q(r) at rϭR, the Jost function is obtained from the asymptotic behavior ͑3͒ as 
͑8͒
By replacing these expressions in Eqs. ͑6͒ and ͑7͒, and expanding the auxiliary quantities ␥ and , we obtain
͑9͒
Note that O'Malley's expansion for (a o k)cot o (k) can be obtained from this latter expression by keeping orders up to k 2 . Furthermore, the corresponding expansions for the case of short-range potentials are recovered in the limit ␤→0.
IV. EFFECTIVE RANGE EXPANSION OF THE DISTORTION FACTOR
Up to order k 4 , the inverse of the distortion factor
͑10͒
Thus, it includes a cubic term and some additional logarithmic distortions, even of order k 2 ln k. These terms vanish in the ␤→0 limit, and the usual Lorentzian shape,
The question is whether this expression can be employed or not and in what situations. Let us analyze, for instance, the particular case of a low energy e Ϫ interacting with a Helium atom. Recently, the corresponding distortion factor F 0 (k) was numerically evaluated on an absolute scale ͓17͔, for the ground 1 1 S and metastable 2 1 S and 2 3 S states, taking into account the full electron-atom interaction by including static, exchange and polarization effects. Note in Fig. 1 its giant increase at small energies for the e Ϫ ϩHe(2 1 S) interaction. This sharp effect is due to the presence of a low-lying virtual state with a scattering length of about a o ϭϪ330 a.u. ͓18͔. The distortion factor for the e Ϫ ϩHe(2 3 S) system shows a much more moderate enhancement at low velocities, which can be ascribed to the proximity of a 2 S resonance to the 2 3 S excitation threshold. In spite of being much smaller and broader, with a scattering length two orders of magnitude smaller than for the 2 1 S state, it still produces a sizable effect. Experimentally, such a pure 2 3 S He beam could be prepared by means of a collisional single electron detachment process from an incoming He Ϫ beam in a pure (1s2s2p) 4 P o state ͓12͔. The corresponding final-state e Ϫ ϩHe(2 3 S) interaction leads to the appearance of a sizable ECC structure in an ionization collision ͓12͔. Finally, the distortion factor produced by ground-state Helium only shows a very broad shoulder due to its much smaller scattering length. Similarly, the dipole polarizability ␣ for the ground state of Helium, ␣ 1 1 S Ӎ1.38 a.u. is two orders of magnitude smaller than for the metastable Helium atoms, namely, ␣ 2 1 S Ӎ800 a.u. and ␣ 2 3 S Ӎ315 a.u. ͓19͔.
We can now understand why an excellent agreement with experiments was encountered in Ref. ͓15͔ , even though all logarithmic contributions in the distortion factor were neglected for the 2 1 S state. For this situation, (␤/a 0 ) 2 Ӎ0,007
and thus F 0 (k) is very well approximated by a Lorentzian shape close to threshold. This is no longer the case with the ground and 2 3 S states of helium, where (␤/a 0 ) 2 is approximately equal to 1 and 10, respectively.
It is clear that the logarithmic distortions in the effective range expansion of F 0 (k) can be large and even dominant with increasing polarizabilities ␣. In principle, the ground states of rare-gas atoms have low ␣ values due to their closeshell structure; but when excited, the loosely bound electron increases the polarizability substantially, and the logarithmic distortions become dominant. Even though the exceptionally large value of the scattering length for the eϩHe(2 1 S) system keeps the logarithmic distortions of ͉ f 0 (k)͉ Ϫ2 negligible, they are generally expected to be dominant for most rare-gas atoms in excited states. The same is expected to occur for the alkali atoms, even in their ground states, due to the loosely bound outer valence electron.
In Figs. 2 hand, as it is shown in Fig. 2 , the validity of our effective range expansion Eq. ͑10͒ for the e Ϫ ϩHe(2 3 S) system is limited to a smaller energy range, while the Lorentzian shape is unable to reproduce the correct behavior even at extremely low energies.
It is important to remark that in Fabrikant's approach ͑see also Ref. ͓9͔͒, the phase shift l (k) is written as in Eq. ͑7͒, but with the function B l (k) ͑equal to Ϫ1/M in his notation͒, or their inverse, approximated by a linear function of the energy, i.e., Eq. ͑8͒. Thus, it represents an effective range theory of order k 4 . On the other hand, the multichannel theory of Watanabe and Greene ͓8͔, where B l (k) (ϪK 22 P0 in their notation͒ is set constant, represents an effective range theory of order k 2 . Thus, instead of using a direct generalization of these theories to describe the Jost function, we propose here a different approach that does provide a significant improvement over any other effective range expansion on a much broader range of energies.
Let us consider a model potential, Eq. ͑2͒, where q(r) is set equal to Ϫ␣e 2 /2R 4 . In this case ͓and in any other case for which a closed solution of q(r) exists͔, A l (k) and B l (k) can be analytically evaluated by matching the logarithmic derivative of the wave function in Eq. ͑4͒ to that of the free regular solution ͑shifted in energy͒ at rϭR. We find
By replacing in Eqs. ͑5͒-͑7͒, the Jost function is written in terms of only one free parameter, the range R, besides the polarizability ␣. In Fig. 2 we show a fitting of the s-wave distortion factors for the e Ϫ ϩHe(2 3 S) interaction. Surprisingly, we find an excellent quantitative agreement between the detailed numerical calculations and the results obtained with this model potential. The same agreement was also observed in Fig. 3 for the e Ϫ ϩHe(2 1 S) system, and in a much broader energy range ͑about 20 eV͒ than with any other effective range expansion. It seems that the very complicated electron-atom interaction can be cast in terms of an extremely simple model potential: a constant short-range part and a polarization tail. In any practical application, once the parameter R is adjusted by fitting the experimental data, other parameters in the expansion can be directly obtained. For instance, it can be shown that From the last equation, we can see that for a big enough a o , o tends to unity, and then it is possible to extract a o from experiments as done in Ref. ͓15͔ by fitting the data for small values of k with the Lorentzian shape ͑1͒.
V. FINAL REMARKS
In this paper we have evaluated the effective range expansion of the full s-wave Jost function for the polarization potential up to order k 4 . This result generalizes previous calculations that were restricted to the phase shift and were only up to the second order in k. We show that in most practical situations, the additional terms incorporated through our more precise effective range expansion are not negligible and might even be dominant. We finally propose a method that might be of practical use in a prospective measurement of the scattering lengths and polarizabilities of neutral atoms. In fact, the experimental results of Báder et al. ͓12͔ have shown that coincidence measurements of cusp-electron production in atom-atom ionizing collisions might provide an alternative method for extracting information on low-energy electronatom collisions, by fitting the cusp contour with the lowenergy expression of the distortion factor Eq. ͑10͒.
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